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Let G be either the symmetric or the alternating group of degree n. We prove 
that, given any set S of generators of G, every member of G can be represented as a 
word in Su S-t of length not exceeding exp((n In n)‘12( 1 + o( 1))). We conjecture 
that the true bound is ncoos’ and we state an analogous conjecture for all nonabehan 
finite simple groups. 0 1988 Academic Press, Inc. 
1. INTRODUCTION 
Given a group G and a set S of generators of G, the Cayley graph 
T(G, S) is defined to have vertex set G and edge set E = ( {g, gs}: g E G, 
s E S}. The diameter of a Cayley graph is the maximum over g E G of the 
length of the shortest expression of g as a product of the generators and 
their inverses. The determination of the diameter for a particular group and 
a certain set of generators is the basic problem of the Rubik’s cube puzzle. 
General bounds (either upper or lower) are very difficult to obtain. 
Let diam(G) = maxs diam T(G, S). It is plausible to suspect that this 
quantity heavily depends on the structure of the group. In particular, 
* Research partially supported by the Hungarian National Foundation for Scientific 
Research under Grant 1812 and by NSF Grant CCR 8710078. 
175 
0097-3165/88 $3.00 
Copyright 0 1988 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
176 BABAI AND SERESS 
diam(G) b (m - 1)/2 if G has a normal subgroup N of index m such that 
G/N is either cyclic of order m or dihedral of order 2m. On the other hand, 
for nonabelian simple groups we conjecture that the diameter will always 
be small. 
Conjecture. There exists a constant C such that for every nonabelian 
finite simple group G, the diameter of every Cayley graph of G is 
<(log ICI)” . 
This problem is open even for the alternating groups. In this note we 
attempt to make a modest first step. We use log for base 2 logarithms and 
In for natural logarithms. 
THEOREM. If G is either S, or A, then the diameter of every Cayley 
graph of G is 
< exp((n In n)“‘( 1 + o( 1))). 
2. THE INGREDIENTS 
We borrow the basic ideas of CBS]. (In fact, this note was intended to be 
an appendix to [BS] but the revision arrived too late.) 
The support of a permutation x, denoted by supp(lr), is the set of 
elements displaced by rc. The degree of a is deg(z) = ]supp(rr)]. 
Let pi denote the ith prime number, p(r)=p, e..pI, and 
f (n, s) = min(r I A 1 r > n’}. Let g(n, s) be the sum of the first f (n, s) primes. 
LEMMA 1. Let 71 ES,, k = deg(x). Suppose II contains cycles of each 
prime length pi, id r =f (n, s). Then 2 < deg(n”) < kfs for some power 7~~. 
The proof is identical with [BS, Lemma 31. 1 
Let S, act on the set 0 = (1, . . . . n>. A set R c S, of permutations is 
t-transitive if for any t-subset T c 1;2 and any injection f: T + IR there exists 
PER such that p I==f: 
Let G be either S, or A,. Let us fix a set S of generators of G. The cost of 
an element rr E G is the length of the shortest word in the generators and 
their inverses that represents K. Clearly, cost(z) = cost(lr- ‘) for every rc E G. 
We define the cost of a subset Kc G as cost(K) = max{ cost(a) I n E K}. 
Our aim is to bound cost(G). 
LEMMA 2. For t < n - 2 there exists a t-transitive set R, c G such that 
cost(R,) < (2n)‘+ ‘. 
Proof: We adapt an idea from [BLS]. Let G = G,, > G, > ... be the 
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stabilizer chain: G, fixes the points 1, . . . . i. For i< t let us construct a set Sj 
of generators of Gi, and a set A i of (right) coset representatives of 
G;-, mod G,. We proceed as follows (Schreier generators, [Ha, p. 961). 
Given Sip,, the elements of A i can be constructed as words of length <n. 
Now the elements of Si are obtained as products of the form na+-‘, where 
o E Sip 1 and rr, t+Q E Ai; here II/ E Gina. Clearly, the cost of each member of 
Ai will be <(2n)‘. Let now A = UiGr Ai and R,= (A UK’)*‘. This set 
clearly satisfies the requirements. 1 
LEMMA 3. Let neG have degree ka2. Let d<k/3 and d=d,+ ... + 
d,, where the di are positive integers. Then there exists A E G such that 
(i) deg( A) < 2k; 
(ii) 1 includes cycles of lengths d,, . . . . d,; 
(iii) cost(l) < 2 cost(7r) + 2 cost(R,,). 
Proof: Let Bc supp(rr) be such that IBJ = d and Bn B” = 0. Let us 
select r E R,, such that r IB is a product of cycles of lengths dj, and t fixes 
each point of B”. Let I=nr~-‘r-l. Then ,? IB=r-’ IB, thus (ii) holds. 
Part (i) follows from the fact that deg(rn-‘r) = deg(rr). Part (iii) follows by 
definition. 1 
LEMMA 4. Let y be any 3-cycle in G. Then cost(G) < (2n)4 cost(y). 
ProoJ: Using conjugation by members of R, we obtain a set of 3-cycles 
such that any member of A, can be represented by that product of length 
<n of these 3-cycles. If G = S,, clearly cost(G) < 1 + cost(d,). 1 
3. PROOF OF THE THEOREM 
In view of Lemma 4, we only need to reach a 3-cycle. We achieve this by 
an iterative process, reducing support size in each round by a factor s. 
To be specific, we set the value of s to Inn. (All that actually matters is 
that s tends to infinity with n and s < n1j4 “.) We observe that 
f(n, 2s) z (In n)2/ln In n, and g(n, 2s) zz 2(ln n)4/ln In n (cf. [HW]). Let 
t = 3g(n, 2s). 
Let M(k) denote the maximum order of permutations of degree <k. The 
asymptotic value [La] of M(k) is 
M(k)=exp((klnk)‘/*(l +0(l))). 
Now, given a permutation rc E G of degree k > t, by a combination of 
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Lemmas 1 and 3 (with 2s in the role of s) there exists n’ E G of degree c k/s 
such that 
cost(rr’) < M(min{n, 2k})(2n)‘+* cost(n). 
Starting from a generator and repeating this process we eventually arrive at 
some 0 E G of degree <t such that 
cost(u) < M(n) M(n/s) M(n/s’) ... (2n)“*” = exp((n In n)“‘(l+ o(l))). 
Now, let us select r~ R, such that Isupp(a)nsupp(r)l = 1. Then the 
commutator [o, r] is a 3-cycle. 1 
4. RELATED RESULTS 
The bound stated in the theorem can be greatly improved if a pair of 
generators of A, or S, is selected at random. According to a result of John 
Dixon [Di], a random pair of permutations almost surely generates either 
A, or S,. (Cf. [SW] and [Ba] for improved probability estimates.) One 
can prove that the resulting Cayley graph has modest diameter with large 
probability, although our estimate is still far from the conjectured 
polynomial bound. 
THEOREM [BH]. Let S be a pair of random permutations of n elements 
and let G = (S) be the group generated by S. Then, with probability 
1 - o( 1 ), the diameter of the Cuyley graph T(G, S) is <n(L’2+“(1))‘nn. 
For permutation groups G < S, generated by a set S of permutations of 
degree Sk, P. McKenzie has shown the Cayley graphs T(G, S) to have 
diameter c2(kn)“‘ [McK]. If all generators are cycles of bounded length, 
the diameter is O(n2) (Driscoll and Furst [DF]). 
We mention a related result. 
THEOREM [BKL]. Every nonabelian finite simple group G has a set S 
of <7 generators such that the resulting Cayley graph has diameter 
Wlog 1’4 ). 
Of course the difficulty of the Conjecture arises from the circumstance 
that the set of generators is given by an adversary. Even for this case, 
a result of similar flavor exists. By a straight-line program in a group G, 
computing a given element g E G from a given set S of generators, we mean 
a sequence of group elements g,, . . . . g, = g such that each gi is either a 
member of S, or the inverse of some gj, j < i, or a product gi = gjgk for 
some j, k < i. 
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REACHABILITY LEMMA [BSz]. Given a finite group G, a set S of 
generators of G, and an element g E G, there exists a straight-line program, 
computing g from S, of length 
~(1 +log IGl)2. 
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